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Boundary Value ProblemLu = f (~r), ~r ∈ Ω; lu|Γ = g ,Notations
Ω =

P
⋃q=1Ωq, Ω̄ = Ω

⋃

Γ, Ω̄q = Ωq ⋃ Γq,
Γq = ⋃q′∈ωq Γq,q′ , Γq,q′ = Γq ⋂ Ω̄q′ , q′ 6= q,

Ω0 − external domain, Ω̄0 = Ω0⋃ Γ,

Γq,0 = Γq ⋂ Ω̄0 = Γq ⋂ Γ− external boundary of Ωq,
∆q,q′ = Ωq ⋂Ωq′ − overlapping,
Γq,q′ = Γq′,q − non-overlapping (∆q,q′ = 0)5



Generalized Shwarz DeompositionLuq(~r) = fq, ~r ∈ Ωq,lq,q′(uq)∣∣Γq,q′ = gq,q′ ≡ lq′,q(uq′)∣∣Γq′,q ,q′ ∈ ωq, lq,0uq|Γq,0 = g , q = 1, ...,P,
αquq + βq ∂uq

∂nq ∣∣Γq,q′ = gq,q′ ≡ αq′uq + βq′ ∂uq′
∂nq′ ∣∣Γq′,q ,

|αq|+ |βq| > 0, αq · βq ≥ 0,Iterations: Lunq = fq, lq,q′unq |Γq,q′ = lq′,qun−1q′ |Γq′,q ,
? lq,q′uq = αquq + βq ∂uq

∂nq + γq ∂2uq
∂τ 2q6



Examples of 1D-, 2D- and 3D- domain deomposition
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1D-domain deomposition with overlapping
Ω =

P
⋃q=1Ωq - omputational domain,

Ωq = {kq1 , ..., kqN} - q-th subdomain,
∆q,∆q+1 - overlapping,kq1 = kq−1N , kq+11 = kqN - non-overlapping8



Combined Alternating Shwarz Methodof Solving Exterior BVP by means of FEM and IntegralPresentation

Ω = R3/D9



Automatial Constrution of the Balaned Grid Subdomains
Ω̄p ≡ Ωp ∪ Γ1p... ∪ Γ∆p ,
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Algebrai Statement of the Problem
Au =

∑l ′∈ωl al ,l ′ul ′ = f , A = {al ,l ′} ∈ RN,N ,u = {ul}, f = {fl} ∈ RN ,
Ω = {l} =

P
⋃s=1Ωs , N =

P
∑s=1 Ns ,

Γs ≡ Γ0s = {l ′ ∈ ωl , l ∈ Ωs , l ′ /∈ Ωs}, Ω̄0s = Ωs ⋃ Γ0s ,
Γts = {l ′ ∈ ωl , l ∈ Ω̄t−1s , Ω̄ts = Ω̄t−1s ⋃

Γts , t = 1, 2, ...,∆s}11



Additive Shwarz - Jaobi Preonditionersūs = {ul , l ∈ Ω̄∆ss } ∈ RN̄s , u =
P
⋃s=1 ūs ,As,s ūs + ∑s′∈Qs As,s′ ūs′ = fs , s = 1, ...,P,B̄s(ūn+1s − ūns ) = f̄s − (Āūn)s ≡ r̄ ns , ūns ∈ RN̄s ,uns = Rs ūns = {unl = (Rs ūns )l , l ∈ Ωs} ∈ RNs ,RAS: un+1 = un + B−1ras r n,B−1ras = RÂ−1W T , Â = W T AW =

= blok-diag {As,s ∈ RN̄s ,N̄s}12



Interfae Conditions on the Internal Boundary
As,s ūs + ∑s′∈Qs As,s′ ūs′ = fs , s = 1, ...,P,
(al ,l + θl ∑l ′ 6=Ω∆s al ,l ′)unl + ∑l∈Ω∆s al ,l ′unl ′ =
= fl + ∑l ′ /∈Ω∆s al ,l ′(θlun−1l − un−1l ′ )13



Coarse Grid CorretionN
∑k=1 ϕk(x , y) = 1, Au = f ,u = {ui ,j ≈ ui ,j = N

∑k=1 kϕk(xi , yj)} = Φû + ψ,û = {k} ∈ RN , Φ = [ϕ1...ϕN ] ∈ RN,N ,Âû ≡ ΦTAΦû = ΦT f − ΦTAψ ≡ f̂ ∈ RN ,Âǔ = ΦT f ≡ f̌ ,u ≈ ũ = Φǔ = ΦÂ−1 f̂ = B−1 f , B−1 = Φ(ΦTAΦ)−1ΦT14



De�ated Conjugate Gradient Method
u0 = u−1 + B−1 r−1, r−1 = f − Au−1,
ΦT r 0 = ΦT (r−1 − AΦÂ−1ΦT r−1) = 0,p0 = (I − B−1 A)r 0, ΦTAp0 = 0,un+1 = un + αnpn, r n+1 = r n − αnApn,pn+1 = r n+1 + βnpn − B−1 Ar n+1,
αn = (r n, r n)/(pn,Apn), βn = (r n+1, r n+1)/(r n, r n),n = 0, 1, ... : ΦT r n+1 = 0, ΦTApn+1 = 015



Multi-Preonditioned Semi-Conjugate Residual MethodP0 = [p01 · · · p0m] ∈ RN,m, p0l = (B(l)0 )−1r 0,un+1 = un + Pnᾱn = u0 + P0ᾱ0 + ... + Pnᾱn,r n+1 = r n − APnᾱn = r 0 − AP0ᾱ0 − ...− APnᾱn,PTn ATAPk = Dn,k = 0 for k 6= n,
ᾱn = (D−1n,n)−1PTn AT r 0,PTk AT r n+1 = 0, k = 0, 1, ..., n,Pn+1 = Qn+1 − n

∑k=0 Pk β̄k,n,
β̄k,n = D−1k,kPTk ATAQn+1,Qn+1 = [qn+11 ...qn+1m ], qn+1l = (B(l)n+1)−1r n+116



Two Dimensional Test Problem
−
∂2u
∂x2 −

∂2u
∂y 2 + p∂u

∂x + q∂u
∂y = f (x , y), (x , y) ∈ Ω,u|Γ = g(x , y), Ω = (ax , bx)× (ay , by)xi = ax + ihx , yj = ay + jhy ,i = 0, 1, ...,Nx + 1; j = 0, 1, ...,Ny + 1;hx = (bx − ax)/(Nx + 1), hy = (by − ay)/(Ny + 1),

Ω =

P
⋃s=1Ωs , P = PxPy ,PARDISO + BiCGStab, ε = 10−817



Numerial ExperimentsTable 1 (2D). The numbers of iterations and thesolution times (in seonds) on the grids 1282 and 2562for di�erent overlapping parameter ∆, ε = 10−8P q N \∆ 0 1 2 3 4 50 18 2.17 11 1.74 9 1.64 7 1.53 7 1.48 6 1.424 4 128 31 2.85 17 2.10 13 1.87 12 1.81 11 1.74 10 1.744 0 256 27 8.34 16 5.38 12 4.21 10 3.68 9 3.33 8 2.934 61 16.88 25 7.74 19 6.52 17 5.47 15 5.28 13 4.250 32 1.46 18 1.29 14 1.25 12 1.17 11 1.03 9 0.9816 4 128 41 1.60 25 1.40 19 1.31 16 1.18 14 1.17 14 1.1016 0 256 40 3.23 24 2.23 20 1.97 17 1.77 14 1.27 14 1.244 58 4.32 35 2.83 28 2.46 22 1.98 19 1.62 18 1.520 43 1.56 26 1.66 19 1.39 16 1.50 14 1.56 12 0.8664 4 128 57 2.02 34 1.91 26 1.78 21 1.98 20 1.69 18 1.3564 0 256 60 4.75 36 4.16 27 3.35 22 3.11 20 3.00 18 4.664 87 7.04 47 5.61 38 4.89 31 4.13 28 4.02 25 4.4818



Table 2 (2D). Aggregation in�uene (upper and lowlines in the ells) in the additive Shwarz method(deomposition with di�erent overlapping parameter
∆ = 0, 1, 2, see respeted olumns)N \ P 22 42 8219 11 8 26 15 12 37 20 15642 23 9 7 21 12 9 28 15 1129 15 11 35 22 17 51 31 211282 24 14 10 26 16 12 36 21 1538 21 17 53 31 23 71 43 322562 31 18 15 35 21 17 40 26 2119



3 D Test Problem
∂2u
∂x2 +

∂2u
∂y 2 +

∂2u
∂z2 + p∂u

∂x + q∂u
∂y + r ∂u

∂z = f (x , y , z),
(x , y , z) ∈ Ω, u|Γ = g(x , y , z), Ω = [0; 1]3,u(x , y , z) = x2 + y 2 + z2, u0 = 0, εex = 10−7Monotone Exponential Fitting FVM on the Cubi GridSolver in Subdomains:Eisenstat IF + FGMRES, εin = 0.1P Irregular SubdomainsM Coarse Grid Nodes 20



Table 3 (3D). The numbers of iterations and totaltimes, p = q = r = 16, ∆ = 0, Θ = 0, M = 30.SCR: Coarse Grid Corretions (CGC) every m = 5iterationsBlSCR: Additive Shwarz + CGC, m = 1P 4 8 16 32 64323 sr 52 0.34 59 0.27 59 0.23 66 0.30 70 0.42blsr 45 0.48 54 0.34 54 0.32 62 0.38 67 0.48643 sr 66 4.81 82 2.71 101 1.96 102 1.72 105 2.07blsr 59 5.35 70 3.18 85 2.39 98 2.32 109 2.661283 sr 114 217.20 132 72.51 133 33.12 151 22.27 150 20.57blsr 101 226.26 111 79.05 134 43.15 156 32.79 159 30.71
21



Table 4 (3D). The numbers of iterations and totaltimes, p = q = r = 16, ∆ = 0, Θ = 0, N = 1283.SCR: Coarse Grid Corretions (CGC) every m = 5iterationsBlSCR: Additive Shwarz + CGC, m = 1 ∆ = 0,Θ = 0.P 4 8 16 32fgmres 87 23.21 78 12.05 93 12.96 91 13.49sr(m=20) 104 24.68 111 17.05 164 17.82 183 18.03blsr(m=20) 96 52.58 106 31.78 128 26.07 126 23.18sr(m=100) 87 32.75 95 19.99 119 15.79 131 15.59blsr(m=100) 83 80.34 89 43.87 105 30.42 114 25.29
22


