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Boundary Value Problem

Lu=f(r), reQ, lur=g,

Notations

P
Q=)o a=aJr. Q= Jr..
g=1

Mg = U Moq Taq = rqﬂﬁq’v q #q,
q' Ewgq
Qo — external domain, Qy = Qq U r,
Fgo="g ﬂ Qo =T, ﬂ I — external boundary of Q,

DNgq =4 ﬂ Qy — overlapping,
[4.q = [¢.q — non-overlapping (A, , = 0)
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Generalized Schwarz Decomposition

Luy(r) =1, Te€Q,
l‘hq’(”q)}rq’q, = 8q.q = ly.q(ug)

qlewqa /q,ququ,o =g, q= 1?"'>P7

O‘q”q'i”ﬁqa q|r = 8q,q' —O‘q’”q'i”ﬁq

q’',q

lag| +[Bql >0,  ag-Bq >0,

. i n__ n—1
Iterations: Lug = fg, lyg qlr = /qf,quq/ |rq,,q,
ou d%u
q q
?gquq = agug +6q + Yq 72
Tq



Examples of 1D-, 2D- and 3D- domain decomposition




1D-domain decomposition with overlapping

A Dyt
Qg4
Qe o
1;;1 k,";:‘ Ik}” kf';
p
Q= |J Q4 - computational domain,
g=1

Q, ={k{,...,k} - g-th subdomain,
Ay, Ay - overlapping,

—1 1 .
ki = kI, kj™ = kj, - non-overlapping



Combined Alternating Schwarz Method

of Solving Exterior BVP by means of FEM and Integral
Presentation

ol

Q=R3/D



Automatical Construction of the Balanced Grid Subdomains

Q,=Q,Url,.. Ul

S -
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Algebraic Statement of the Problem

Au = Z appup = f, A= {317//} c RN’N,

I'cw

v={u}, f={fecRrR"

P P
Q={}= N=) N,
s=1 s=1
rszrgz{llewl’ IEQS7 II¢Qs}a QSZQSUFS>
re= {I’ewl, [ e Qi QE:QE_IUFL tzl,Q,...,As}
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Additive Schwarz - Jacobi Preconditioners

P
Uy = {u, € Q2 e RY, u= U Us,

B(ar — ) =F, — (Au"), =77, i’ € R™,

= block-diag {A,; € RNy
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Interface Conditions on the Internal Boundary

T,
.qu Q,
J O\Ai__‘ Jy
[“11»‘12 17"‘13
Ixd L/
*3
2, Qq;
[“1:"11

As,sas + Z As,s’as’ = f:sa s=1,.. P,

s'eQs
(317/ + 9/ E a,ﬁ,/)u," -+ E a,7//ul’3 =
1"#£Q48 1eQd
_ﬁ+ E a/[/ 9/U _UI/ )
rgad
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Coarse Grid Correction

N
Z@k(xvy) = 17 Au = fu
k=1

N
u= {l_l,‘J ~ l_llcd = Z CkQOk(X,',yj)} = o0+ w’

k=1
0={c} RN, &=][p1..0on] € RVN,

A= dTAGD = TF —dTAY = F € R,
A= o7Tf = 7v‘,
ur =i =0Af = BJ'f, BJ' = &(0T A0) 1T
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Deflated Conjugate Gradient Method

C=uvt+ B i =f - Aut
ST =T (rt—APA 10T ) =0,
p’ = (I — B71A)°, oTAp® =0,
U= " b ap”, =" AT,
pn+1 — B,p" — Bc—lArn+17

ap = (r",r")/(p", Ap"), B = (r"1 ") /(e "),
n=0,1,.: &7 =0 ¢TAp"™ =0
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Multi-Preconditioned Semi-Conjugate Residual Method

=[p--pYl € R¥™, pf = (B{") 1,
U™ = u" 4 Ppdiy = u° + Podig + ... + Ppiin,
=" — AP, = r° — APyag — ... — AP, &,
PTATAPy =D,y =0 for k+#n,
Gn = (Dyn) P ATI,
PIAT™t =0, k=0,1,...,n

n+1 Qn+1 - Z Pkﬁk n;

/Bkn = Dk kP[Z—ATAQn—f—lv

i
Qn+1 [qn+1 1’111+1 ) qln+1 = (Br(r—l)—l) lrn+1
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Two Dimensional Test Problem

Pu Pu Odu  Ou
— + +qg—="F Q
ox2  0y? Pox q@y (), (xy) et

U’r - (X>y)> Q= (aX’ bX) X (ay7 b}’)

Xj = ay + ihy, yj = a, + jhy,

1=0,1,..,Ne+1, j=0,1,..,N, +1,

he = (b — ax) /(N + 1), hy = (by - ay)/(Ny +1),

P
Q=)o P=PP,

PARDISO + BiCGStab, ¢ = 1078

17



Numerical Experiments

Table 1 (2D). The numbers of iterations and the
solution times (in seconds) on the grids 1282 and 2562
for different overlapping parameter A, ¢ = 1078

| Plaln\a] 0 | 1 | 2 | 3 | 4 | 5 |
0 18 217 |11 1.74| 9 164 | 7 153 | 7 148 | 6 1.42
4 |4 128 31 285 |17 210|13 187 |12 1.81 |11 1.74 |10 1.74
4 |0| 256 | 27 8.34 |16 5.38 |12 4.21 |10 3.68| 9 3.33 | 8 293
4 61 16.88 (25 7.74 |19 6.52 |17 5.47 |15 5.28 |13 4.25
0 32 146 (18 1.29 |14 12512 1.17 |11 1.03| 9 0.98
16 |4 | 128 | 41 1.60 (25 1.40 |19 1.31 |16 1.18 |14 1.17 |14 1.10
16 (0| 256 | 40 3.23 (24 223 |20 1.97 |17 1.77 |14 1.27 |14 1.24
4 58 4.32 (35 2.83 |28 2.46 |22 198 |19 1.62|18 1.52
0 43 156 |26 166 |19 139 |16 1.50 |14 1.56 |12 0.86
64 | 4| 128 | 57 2.02 |34 191 |26 1.78 |21 198 |20 1.69 |18 1.35
64 | 0| 256 | 60 4.75 |36 4.16 |27 3.35|22 3.11 |20 3.00|18 4.66
4 87 7.04 |47 5.61 |38 4.89 |31 4.13 |28 4.02 |25 4.48
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Table 2 (2D). Aggregation influence (upper and low
lines in the cells) in the additive Schwarz method
(decomposition with different overlapping parameter
A =0,1,2, see respected columns)

N\ P 22 22 82
19 11 8 26 15 12 37 20 15
642 23 9 7 21 12 9 28 15 11
20 15 11 35 22 17 51 31 21
1282 24 14 10 26 16 12 36 21 15
38 21 17 53 31 23 71 43 32
256 31 18 15 35 21 17 40 26 21
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3 D Test Problem

Py Fu T O G % fixy,2)
ox2  0Jy? 022 P ox q@y gz VoY)

(x,y,2) € Q, ulr =g(x,y,2), 2=0; 1]3,

u(x,y,z) = x% + y2 +22, 0 =0, e =107
Monotone Exponential Fitting FVM on the Cubic Grid
Solver in Subdomains:
Eisenstat IF + FGMRES, ¢,=0.1

P lrregular Subdomains
M  Coarse Grid Nodes
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Table 3 (3D). The numbers of iterations and total
times, p=qg=r=16, A=0, © =0, M = 30.

SCR: Coarse Grid Corrections (CGC) every m =5
iterations

BISCR: Additive Schwarz + CGC, m=1

P 4 8 16 32 64

323 | scr 52 0.34 59 0.27 59 0.23 66 0.30 70 0.42
blscr 45 0.48 54 0.34 54 0.32 62 0.38 67 0.48

643 | scr 66 4.81 82 2.71 101 1.96 | 102 1.72 105 2.07
blscr 59 5.35 70 3.18 85 2.39 98 2.32 109 2.66

128% | scr 114 217.20 | 132 72.51 | 133 33.12 | 151 22.27 | 150 20.57
blscr | 101 226.26 | 111 79.05 | 134 43.15 | 156 32.79 | 159 30.71
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Table 4 (3D). The numbers of iterations and total
times, p=qg=r=16, A=0,0 =0, N = 1283,
SCR: Coarse Grid Corrections (CGC) every m =5
iterations
BISCR: Additive Schwarz + CGC, m=1 A =0,0 =0.

P 4 8 16 32
fgmres 87 23.21 |78 12.05| 93 12.96 | 91 13.49
scr(m=20) 104 24.68 | 111 17.05 | 164 17.82 | 183 18.03
blscr(m=20) | 96 52.58 | 106 31.78 | 128 26.07 | 126 23.18
scr(m=100) | 87 32.75 | 95 19.99 | 119 15.79 | 131 15.59
blscr(m=100) | 83 80.34 | 89 43.87 | 105 30.42 | 114 25.29
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