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Part I: Mesoscopic Fractional Flow Models

1 Physical Two-Phase Flow Model

o Mixed velocity-pressure-saturation governing equations

Rra\Sa
Uy = — u( ) K (grad p, — p.g)
in Q x (0,7) (1)
O(pasa) . o
¢ ot + dZU(IOau&) - paqg(soz)

o Flow volume balance constraint - Capillary pressure

Sw+ S, =1

pc(Sw) = Pn — Puw



Part I: Mesoscopic Fractional Flow Models

2 Fractional Two-Phase Flow Model

[Arbogast 1992, Chen-Ewing 1999]

e Total velocity - Global pressure - Complementary pressure

U= u, +u,

sw / » OPe
P=Dpn— | (fwa§w>(8) ds (3)

Sw Op.
0 = _/O (fwfnaiu)(s) ds

e Fractional flow mized system

AU (6)K 'u = —grad p—,(6)

div u = q(0);

o in Qx(0,7) (4)
A (Q)K Uy = —g’l"CLd 0 — fw(e)grad p— '72((9)

00
D(0) 5, + div w, = Gu(6)




Part I: Mesoscopic Fractional Flow Models

3 Instantaneous Total Velocity-Global Pressure
Mixed Variational Model

[Alduncin 2005]

o Subdifferential boundary conditions

NP € OYn(dnvu) = Ol g (dvu) in B*(0Sy)

YDP € 8¢D(5D’U,) = {]3} n B*((?QD)

o Variational Green Formula
div'q+ grad g = 8"~ ¢ inV*(Q) (6)

e Fundamental trace compatibility property

(Cs) 6 € LIV(2), B(09)) is surjective

o Mized variational model

Find u € V(Q) and p € Y(Q)

(M) | div"p € (NOW)K) ™+ BTy 0 0x)(w) — F5(1) in V()

—div u € Iy (p) — q(t) in Y*(Q)



Part I: Mesoscopic Fractional Flow Models

o Mized functional framework
V(Q) = H(div;Q) = {v € L*Q) : div v € L*(Q)}
Y(Q) = L2(Q)
B(09) = H1/2(00Q)

B*(09) = H'/?(09Q)
e Classical compatibility condition

(Caiv) div € LIV (2), Y*(£2)) is surjective

e Primal composition duality principle

Theorem 1 Mized problem (M) is uniquely solvable if and only if its
instantaneous variational primal problem

Find u € V(Q)

(P); 0 (MO()K) tu+ Oy (div) (U — ugyy) + Oy © On)(u) — f5(t)

in V*(Q)

is uniquely solvable, where div ugy) = q(t)
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Part I: Mesoscopic Fractional Flow Models

4 Evolution Wetting Velocity-Complementary Pressure
Mixed Variational Model

[Alduncin 2007]

e Fvolution mized functional Hilbert framework

V= L0, T;V(Q) = {v: (0,T) = V(Q)[olly = [ o)l < 0o}

Y ="LX0,T:Y() = {y: (0.T) = Y(lllylly = [iJ ly(®)|[Ft]'> (<)<>O}
8

o Mized variational model

Find u, € Vand 0 € X
div'0 € OF (u,) — h} in V*

—div Uy = A(Q)gi — G In Y*




Part I: Mesoscopic Fractional Flow Models

e Dual evolution duality principle

Theorem 2 Dual evolution mized problem (M) possesses a unique
solution if and only if its dual evolution nonlinear problem

Findd e X
00

(D) J0¢€ A(9>at +O(F* odiv') (0 +7ys) = Gu in V'

0(0) = 6,

) . . T
possesses a unique solution, where div r,ﬁz = hy

e Dual evolution solavability

[Chen 2001]

Theorem 3 Dual evolution mized problem (D) is uniquely solvable



Part II: Macro-Hybrid Variational Formulations

5 Dual Instantaneous Macro-Hybrid Variational Formulation

[Alduncin 2007]

e Flow region nonoverlapping domain decomposition

0= Q. QeﬂQfZ(b 1<e< f<E

&Ctij

e

L.=00.N0 1<e<E 9)
Fep=T.NI'y 1<e< f<FE
e Specific fractured media decomposition
[0 and {Q)E 5y E = Bn+ Br (10)

e Decomposable total velocity and global pressure Hilbert framework

V() ~ v e V{Q}) = f{ V(O {orv} € Q)
(11)

E
Y(Q2)~Y({Q}) = 61;[1 Y (Q)
e Fundamental macro-hybrid compatibility condition

(Clsr,) [or.] € (L(V({Q}), B({l'c})) is surjective
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Part II: Macro-Hybrid Variational Formulations

e Primal and dual internal boundary transmission subspaces

Q C B({I'.}) = HY*({I'.})
(12)

Q" = {{u} € BULY) : ({m}, {ned) pegry) = 0, Vi) € Q)

Lemma 4 Due to (Cl5. ), macro-hybrid compositional dualization
holds true

{or, A7} € BIg o [or.))({ue}) &= {dr,uc} € BIg:({X})  (13)
e Instantaneous macro-hybrid dual mized problem
Find {ue} € V({Q.}) and {p.} € Y({Q})
{div'pe} — {of N} € {(MO(t) Ke) " ue}

+0(Lzmy o [On])({ue}) — {f5,(0)} in V({2 })

—{div ue} € {00y, (pe)} — {4e(t)} n Y ({{})

(MH)

and {\'} € B*({I'.}) satisfying the dual synchronizing condition

{or,uc} € OIg-({A\:}) in B({I'.})
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Part II: Macro-Hybrid Variational Formulations

6 Dual Evolution Macro-Hybrid Variational Formulation

e Dual evolution macro-hybrid mixzed problem
Find {uwe} c V{Qe} and {96} c X{Qe}

{div' 0.} — {of X} € {0F (ww,)} — {hj,} in V*q,

9., L
5 b= {Gu.} in Y*10,

{—div wy,} = {Ac(0.)
(MH)

{96(0)} - {éoe}

and {x;} € B*p,y satisfying the dual synchronizing condition

Ut} € 8Io-(1xc}) n B,
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Part III: Macroscopic Fractional Flow Models

[Alboin 2000}
e Specific fractured media decomposition

() and {Q}E, ., E=Eg+Ep (14)

e Macro-scaling asymptotic process

fracture-system {Q;}¥_p ., — fracture interface-system {I';}5_p .,

e Interaction surfaces

ZefzaQeﬂFf 1<e<FEp, Er+1<f<FE (15)

e Fracture interface-system pressure contributions

—{ f: 0% s pf} and —{ f: 0% s @f} (16)
a1 el e o1 el e
e Rock-system source contributions
1 Er 1 Er
_{d egl fyzefé‘zefue} and B {d egl fYEeféZefuw,e} (17)
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Part III: Macroscopic Fractional Flow Models

7 Macroscopic Fractional Fow Problem for the Rock-System

e [racture interface-system pressure contribution

_{Z

oL 18
f:ER—|—1 Eeffygefpf} ( )

e Instantaneous total velocity-global pressure-interface global pressure
macro-hybrid dual mized problem

Find {u.} € V({€}) and {p.} € Y ({2}

{div'p.} — {0E X1} € {(MOt) Ke) e} + 8L oy 0 [0c]) ({ue

B —F 0y —{ S oL ) in V({0
(MHp) f=FEp+1
~{div ue} € {0y, (p)} — {a.0)) in ({0,

and {\} € B*({I'.}) satisfying the dual synchronizing condition

{0r.ucy € OIp-(1A}) in B({Ie})
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Part III: Macroscopic Fractional Flow Models

e Fracture interface-system pressure contribution

L T
g Bamt) (19
=R

e Fvolution wetting velocity-complementary pressure-interface
complementary pressure macro-hybrid dual mixed problem

Find {ty,} € Vg and {0.} € X g,

{div' 0.} — {07, x:} € {0F (uw,)} — {hj,}

E

T : *
_{ f:%]:%jtl 52ef726f8f} in 'V {Qe}

, 00, R .
{—div uw, } = {Ae(ee) By } —{quw. } in Y*a.

{96(0>} - {906}

and {x}} € B*r, satisfying the dual synchronizing condition

{or.uw,} € OIp<({x;}), in B,
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Part III: Macroscopic Fractional Flow Models

8 Macroscopic Fractional Fow Problem for the
Fracture Interface-System

e Fracture interface internal boundaries and interfaces

Iy f=Er+1,.. FE

2
Ifg:IfﬂIg EFr+1<f<g<FE (O)
e Rock-system source contribution
1 Er
_{d 62_:1 Vzef(szefue} (21)

e Instantaneous total velocity-global pressure-interface global pressure
macro-hybrid dual mized problem

Find {u.} € V{I'.}) and {p.} € Y({I'.})
{div'p.} — {65, N} € {(A(0c(1) Ke) e}
+O(Iiz 1y © [0c]) ({ue}) — { £, (1)} in V*({I'.

(M Hp) .

~{div e} € {00y, (p)} ~ (@0} — {3 = 4, b, u} in Y*(T.

and {\!} € B*({Z.}) satisfying the dual synchronizing condition

{or.uc} € 8Ip-({\}) in B({Z.})
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Part III: Macroscopic Fractional Flow Models

e Rock-system source contribution

{1 % 0% fc?gefuwe} (22)

e Fuvolution wetting velocity-complementary pressure-interface
complementary pressure macro-hybrid dual mized problem

Find {uwe} < V{re} and {Qe} < X{Fe}
{div'0.} — {0/ X} € {8F (uw,)} — {hj,} in V*¢

00,

{—=div Uy, } = {A (6 ) } {Gu.} — { El T€f526fuw,e} in Y*

{0:(0)} = {60}

and {x}} € B*(z,) satisfying the dual synchronizing condition

Urttw, } € 01 ({xc}) in Bz,
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Part IV: Parallel Proximal-Point Algorithms

9 Two-Field Instantaneous Algorithms

o Models (M H) and (M HRg)-(MHFg) expressed in a
classical mixed subdifferential form

Findu € D(A) CV and p* € D(G*) CY*

(S); —A'p* € A(u) in V*

Au € 0G*(p*) inY
e Proximation augmented interpretation

Findu € D(A) CV and p* € D(G*) C Y*
_AT(p* - M_*ProwM_*,rGo(l/r)Iy (M*p* + TA,U’))

€ (A+rATM~*A)(u) in V*

p'= (M~ — M *Prox,/—+,co1/n ) M*p* +rAu) in Y*

17



Part IV: Parallel Proximal-Point Algorithms

o Uzawa type algorithm

Algorithm I Given u’ € D(A), p} € D(G*), known u™, p*,, m >0
find w™*! and p?, .,

_AT(p:;”L _ M_*PromM_*,TGo(l/T)Iy(M*p:(n + TA’U,m))
€ (A+rATM™*A)(u™) in V*

Dr = (M™*— ]\/[_*P'roacM_*’rGO(l/T,)]Y)(M"‘pj;2 +rAu™t) inY*

Theorem 5 Prozimal-point Algorithm 1 is convergent whenever the
dual operator condition

(Cayoa) —AATH(=AT()+0G* : Y* = 2¥ is mazimal monotone
holds true
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Part IV: Parallel Proximal-Point Algorithms

10 Three-Field Instantaneous Algorithms

o Intermediate third primal field

T=AucyY (23)

e Models (M H) and (M HRg)-(MHp) expressed in an extended
classical three-field mixed subdifferential form

Find (u,7) e D(A) x D(G) CV XY and p* € D(G*) CY*

~ATp € Aw) i V*

p* € 0G(T) in Y*

Au — 7 € 90y« (p*) inY
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Part IV: Parallel Proximal-Point Algorithms

e Proximation augmented interpretation
Find (u,7) € D(A) x D(G) CV XY and p* € D(G*) CY*
~A(p* —rM™*1) € (A+rA"M~*A)(u) in V*

p'+rM—*Au € 8G(T) +rM—*r iny*

p =p"+rM *(Au—T) inY*

o Uzawa type algorithm

Algorithm IT Given pj; € D(G*), known p,, find u™*', 7™ and p .,
—A" (p;, —rM~*r) € (A+ rA"MT*A) (umt) in V*

pl, +rM*Au" € OG(T") + rM ] in Y*

Pl =Pl r M7 (AT — in Y*

Theorem 6 Prozimal-point Algorithm 1I is convergent whenever
the dual operator condition

(Cayoc:) —AAT(=AT()+0G*: Y* = 2¥ is mazimal monotone
15 fulfilled
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Part V: Proximation Semi-Implicit Time Marching Schemes

o For mesoscopic (MH) and, similarly, macroscopic dual evolution

macro-hybrid mized problems (MHg)-(MHF)

11 The Operator Splitting Douglas-Rachford Scheme

e Parallel proximal realization with intermediate hybrid vector
{re 1} = {or,ul™'} € BIg-({xi"1}) C Byr, (24)
Algorithm Ty Given {ug, } € Vi, {09y e Y({U}), {7} € Q*

known {ug'}, {67}, {x¢"}, m =0
find {1} satisfying the primal synchronizing condition

{1} = Projy, ({71/1 (07" + O, ul })
and, in parallel, w1, gty e =12 . F
div' 07 — &L (x;™ — ")
€ (OF + rdiv” A7 (O7")div + rof br,)(uiy,) — g — div” Mg,
Ot =07 +r AN (00 (—div w4+ @it
L — o (Gpu T — g
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Part V: Proximation Semi-Implicit Time Marching Schemes

12 The Operator Splitting Peaceman-Rachford Scheme

e Parallel proximal realization with intermediate hybrid vector

{w01} = {or,ul"} € BIg-({x;"""?}) C By, (25)
Algorithm II 4y Given {u? €V {09 e Y{Q.}), {x°} € Q*

known {ul}, {67}, {x™}, m >0
find {71} satisfying the primal synchronizing condition

(K"} = Progy, ({iA (™)™ + bp ! })

: *m—+1 *m—+1 m+1 m+1 *m—+1 _
and, in parallel, @277 & @l Q0T T e =12, F

0t = 05" + 1 2A7H(00) (—div u + g))))
X =™ + /2 (Ol — K7

- T nm+1/2 T xsm—+1/2 m-+1
div' 0! /_5Fe( . /_7""‘3@ )

€ (OF + rdivt AZN(07")div + /2 0f or,)(uwipth) — h™tt — v /2div" AZHOT

We

szﬂ _ Q:mﬂ/? 4+ T/2A€_1( )( div um+1 4+ qm—l—l)

X = X 2 (b
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Part V: Proximation Semi-Implicit Time Marching Schemes

13 Convergence of the Operator Splitting Schemes

o Mosco’s dual operator of Apy = [0F|(+) — {hy,} relative to
coupling operator D = ([—div], [dr,])

Z;,D(N»V*) = ( Z;,—dw(ﬂ/)a Z;,ape(’/*) ={(§,¢") € Vo X B 1)
3B € Vio,), & = [div]B, ¢ = —[or,]B, —[div" |u* — [of Jv* € Ap(B)}
o Auziliary dual supervector s* € Yiq,y X B*(r,y

M's" € (M 4T A} ({010 < (010D = Taesy, , (M)

e Douglas-Rachford macro-hybrid dual problem at m+1 > 1 time step

Given {60 = 0o, € Z(Q)}, {X*} € Q*, 8L € V(o) x B* 1y
find {071}, {x;"*'} and {s{"}

(Dm+1> M's e (MF + frA*;,D)({@im“}, {1y

2MI({0: ) ™)) — Mg

€ (M +raG")({0:}, {xi™}) + ™ — ™)
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Part V: Proximation Semi-Implicit Time Marching Schemes

e Peaceman-Rachford macro-hybrid dual problem at m+1 > 1

Given {60 = 0o, € Z(Q)}, {x*} € Q*, 871 € Y(o,) x B* 1y
find {071}, {x¢"*'} and {s]'}

(D" M e (M +1/2 Af p){0 ) )

MO ) = M

€ (M +rog ) ({0} ™) +r/2 8™ —r/2 87

Theorem 6 Let dual operators Ay g, and Ay 5. be mazimal mono-
tone. Then, for time-independent data f*" = f~, fwg”rl = w,, op-
erator splitting algorithms Algorithm Iy and Algorithm II .y
evolve, as m — oo, to a D™~ and a D™ -stationary state of the

dual evolution macro-hybrid mized problem (M), respectively
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Mesoscopic and Macroscopic Mixed Variational Analysis of
Two-Phase Flow in Fractured Porous Media

Conclusions

e Subdifferential variational modeling in subsurface flow:
theory a la Moreau-Duvaut-Lions-Temam-Le Tallec

o Coupling surjectivity compatibility for compositional
dualization

e Dual stationary and evolution solvability duality principles

e Variational macro-hybridization for scaling, localization,
multi-constitutivity, multi-algorithmia and parallel computing

e Prorimation augmented penalty-duality stationary algorithms
e Proximation realization of semi-implicit time marching schemes

e Variational basis for semi-discrete and fully discrete
approximations
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