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1 Introduction 10

Far field simulations of underground nuclear waste disposal involve a number of 11
challenges for numerical simulations: widely differing lengths and time-scales, 12
highly variable coefficients and stringent accuracy requirements. In the site under 13
consideration by the French Agency for Nuclear Waste Management (ANDRA), the 14
repository would be located in a highly impermeable geological layer, whereas the 15
layers just above and below have very different physical properties (see [1]). It is 16
then natural to use different time steps in the various layers, so as to match the time 17
step with the physics. To-do this, we propose to adapt a global in time domain de- 18
composition method, based on Schwarz waveform relaxation algorithms, to prob- 19
lems in heterogeneous media. This method has been introduced and analyzed for 20
linear advection-reaction-diffusion problems with continuous coefficients [2, 6] and 21
extended to discontinuous coefficients [3, 4], with asymptotically optimized Robin 22
transmission conditions in [3]. The method is extended to higher dimension in [4] 23
with convergence results and error estimates for rectangular or strip subdomains. 24

This method is extended to problems with discontinuous porosity in [5]. A new 25
aproach is proposed to determine optimized transmission conditions for domains 26

with highly variable lengths. In this paper we analyse this approach in 1d. 27
Our model problem for the radionuclide transport is the one dimensional advection=s
diffusion-reaction equation 29

Qo+ adw — d(vou) +bu = f, onRx (0,T), )
u(0,x) = up(x), xeR.

We focus on a model problem to show the effect of subdomains with widely differing 30
sizes. We consider a decomposition in 2 = (—e0,0), £, = (0,L), Q3 = (L,) with 3
L << 1. The reaction coefficient b is taken constant and the coefficients a, v, and ¢ 32
are assumed constant on each €2, but may be discontinuous at x =0 and x = L, 33
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O=@, a=ay, V=V erk-
We introduce the notations

Ly i= oy + agdyy — de(Vidyv) + by, on Q x (0,7),
Q= (@17@27@3)7“ = (a176127a3)7 Vi = (V17V27V3)-

Problem (1) is equivalent to solving problems in subdomains £2;

D%(uk:fa OanX(O,T),
uk(0,x) = up(x), x€ €.

with coupling conditions on the interface I ; between two neighboring subdomains
€ and €, given by

we=ug, (VkOr—ax)up = (Vedk —ag)ug, ondiyx(0,T). (2)

2 Domain Decomposition Algorithm

A simple algorithm based on relaxation of the coupling conditions (2) does not con-
verge in general (see [7]). Following previous works [2—4], we introduce the Schwarz
waveform relaxation algorithm

L =f, on & x(0,T),
up (0,x) = up(x), x€ &, 3)
(vk8x — ak) MZ + Yk’guz = (w&x — ag) MQHI + yk!guzil, on 1—/‘(,@ X (0, T),

where % ¢ are linear operators in time and space, defined by

LV = PV + G ooy

The case Gi¢ = 0 corresponds to Robin transmission conditions, while the case
Gr.c 7.0 corresponds to first order transmission conditions. The well-posedness and
convergence have been analyzed for constant porosity in [3] and in higher dimension
in [4]. The transmission conditions in (3) imply the coupling conditions (2) at con-
vergence, and lead at the same time to an efficient algorithm, for suitable parameters
Pr.¢ and gy ¢ obtained from an optimization of the convergence factor.

Similarly, .} , are approximations of the best operators related to transparent
boundary operators. They can be found using Fourier analysis in the two half-spaces
case. This analysis has been done for discontinuous coefficients [3], and in higher
dimension and continuous coefficients [2]. The min-max problem has been analysed
in one dimension in [3] with asymptotical Robin parameters.

In the field of nuclear waste computations, domains of meter scale are embedded
in domains of kilometer scale. The previous optimization of the convergence factor
does not take into account the high variability of the domains lengths. Following
[5], we determine optimized transmission conditions through the minimization of a
convergence factor that takes into account this variability.
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2.1 Optimal Transmission Conditions

In order to determine the optimal transmission operators .%% ¢, we compute the con-
vergence factor of the algorithm. Since the problem is linear, we consider the algo-
rithm (3) on the error (i.e. with f = 0 and uo = 0). In order to use a Fourier transform
in time, we assume that all functions are extended by 0 for r < 0.

Let e} = u} — u be the error in £ at iteration k. The operators .# ¢ are related to
their symbols oy ¢(®) by

fﬁk gu 2 /Gk g 12 lwtd(l)

The Fourier transforms &} in time of ¢} are solutions of the ordinary differential
equation in the x variable

— V02 é +aydié + (igrw +b)é = 0.

The characteristic roots are

+/d
= (a, Vie, 9, b, ©) = %_k, di = ai +4vi(igpw + b). )

Since Rr™ > 0, Rr~ < 0, and since we look for solutions which do not increase
exponentially in |x|, we obtain

N R _
(x,0) = (Xf(a))er (a1,v1,01 ,b,w)x, e (x,0) = agl(a))er (a3,V3,<p3,b,w)x7

n
1
& (x, 0) = og(w)er*(azmz«pz,b,w)x + ﬁzn(w)er’(azmz«pz,b,w)x,

&)

We set £" = (af, o, B}, 04), and rki = r*(ay, Vi, i, b, @). We define the variables
sk =sk(o,L), 1 <k <38, by

— + +
51 Vor, =012 § — Vary =012 §2— Vory, =023 . e(rgfrzr)L
1 vir, =012 )02 viry =012 )93 Vory =023 !
Va1, +0 Vor, +0 — vorg +o: —
S9= 21y +001 57 = 22+ 3.2 (r2 r3)L7 5§ = 22 32 ,(ry r3)L7

V2r2r+0'2,1 ’ V3r3 +032 V3r3 +032

- +_ (ry =)L
Vir, +0 v3r. O; 3772 :
_vir to 1 _W»r3—0a3 _ -
sS4 = C5, S6 = —= . with D = 5355 — 1.
4 V2r2++0231 D> °6 Var, =023 D ’ 395

We insert (5) into the transmission conditions in (3), and obtain for n > 2,

én _ Mé’hl
where the matrix M = M(w, L) is defined by
0 51 82 0
5384 00 —S6

—S84 00 5556
0 57 S8 0

M=

The convergence factor p(, L) for each @ € R is the spectral radius of M.
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Remark 1. The choice for the symbols oy ¢
— + _ — _ + _ _ 6
O1p=WVary, Op1=—Viry, O3=V3ry, O32=—Vr,, (6)
leads to M? = 0 and thus to optimal convergence in three iterations.
Proposition 1. The convergence factor is given by
p(o,L) = /max(|A7],[A7]),

where A* = A*(w, L) is defined by

e o+BEy/(a— BT
2 )

with
O = 515354 — 5254, B = —5657 + 555658, ¥ = 535457 = 5458, § = —5156 + 525556.

This follows from the computation of the roots of the characteristic polynomial of
M, which is biquadratic. The corresponding operators to (6) are non-local in time. In
the next subsection, we therefore approximate the optimal operators by local ones.

2.2 Local Transmission Conditions

We approximate the optimal.choice o ¢ in (6) by polynomials in @ :

app _ Piata  qip. app __ P21—a1 | q21.
O, = T+Tzw, 0y = T+le’

app P23+ asz  qo3. p_ D32—ax  q3n.
Oy3 = B + > i, o3, = —5 +—2 io.

In order to simplify the min-max problem, we will consider the following cases for
the choice of py ¢ and g ¢:

L. (Robin) py¢ = p, qie =0,

2. (Zeroth order) p1 2 = p32 = p1, P2,1 = P23 =P2, ke =0,

3.-(First order) pi¢ = p, qre = g,

4. (First order scaled) pre = p. q12 = 929, 42,1 = 919, 42,3 = 939, 432 = 24.
Then, the parameters are chosen in order to minimize the convergence factor, i.e. we

solve, for p=pincase 1, p= (p1,p2) incase 2, and p = (p,q) in cases 3 and 4, the
min-max problem

Om(L) = min ( max p(w,p,tp,a,v,b,L)) , @)
p @y <O=< Omax

where p is the spectral radius of M, in which we have replaced oy ¢ by G;%p ,and m
is the order of the approximation. In numerical computations, the frequencies can be
restricted t0 Wmax = 4, Where At is the time step, and oy = 7.
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Theorem 1. We suppose that ap = a, ¢ = @ and vy = v, 1 <k <3, thus d, =d in
(4). Let us consider the Robin case (p = p) and the first order case (p = (p,q)). Then
the convergence factor reduces to

c—Vd c—u }G—T]D
®,p,0,a,v,b,L) = max | |——|,|——
plop g = |78 max (|20 |22

with vi
d

l4+e vl Vd

u=vd — =

l1—e 3k H

and with ¢ = p in the Robin case, and 6 = p + qi® in the first order case. Let L > 0
given. Let 8y(L) (resp. 61(L) ) be the solution of (7) for the Robin case (resp. the first
order case). For m =0 and m = 1, we have |8,,(L)| < 1.

3 Numerical Results

We use the DG-OSWR method in [4] based on a'discontinuous Galerkin method in
time, with P; finite elements in space in each subdomain. We present an example
inspired from nuclear waste simulations, with discontinuous coefficients, and dif-
ferent time and space steps in the subdemains 2, = (0.4954,0.5047) (repository),
Q; = (0,0.4954) and Q3 = (0.5047,1) (host rock). The parameters for the three
subdomains are shown in Table 1.'The final time is T = 0.04.

¢ | v |a|lb| Ax At
0, U5]0.06[0.06[1[0[51073|T(51077)
Q [0.1] 1 |1]0[51074T(11073)

Table 1. Physical and numerical parameters

Let p3 (resp. p3) be the parameters derived from a numerical minimization of the
three domains convergence factor in (7) (resp. from the two half-spaces convergence
factor in [3]). Figure 1 shows p(w,p3,L) (solid line) and p(w,p3,L) (dashed line)
versus @ for At = T(5 1073). We observe that the solution of (7) is characterized
by an equioscillation property (at the star marks), as in the two half-spaces case (see
[2]). Moreover, for first order transmission conditions, we see that a scaling with
the porosity is important only when the parameters are computed from the two half-
spaces analysis.

On Fig. 2 we show the error after 20 iterations when running the algorithm on the
discretized problem, with ug = f = 0 and random initial guess on the interfaces, for
various values of the Robin parameter p (left) and the zeroth order parameters py, p»
(right) (in that case, the values obtain with the two half-spaces analysis is not in the
range values of the figure).
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Fig. 1. Convergence factor p (@, p3, L) (solid line) and p(w, p3,L) (dashed line) versus o: Top
left: Robin, top right: zeroth order, left bottom: first order, right bottom: first order scaled

\ = 3 domains optimization 4 7 + 3 domains optimization
© 2 domains optimization 9 4 /\ \ N, ]
vy \
2 b
¢

Error

Fig. 2. Error after 20 iterations: Left: for various values of the Robin parameter p (the lower
left star marks p3 whereas the upper right circle shows p3), Right: the level curves for various
values of the zeroth order parameters p1, py (the star marks the parameter p}
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At time t=T=0.001, at Schwarz iteration 4 , with first order (scaled)

0.2

A
0.15 a‘; b
A

0.1

—0

Monodomain solution
it O DG-OSWR solution

-0.05

Fig. 3. Evolution of the monodomain solution (solid line) and the OSWR solution at iteration

At time t=T=0.04, at Schwarz iteration 4 , with first order (scaled)

Monodomain solution|
O DG-OSWR solution

4 (circle line): at t = 0.001 (left),t =T = 0.04 (right)

[——Optimized three domains|
o)

1002 | e

10° 107
At

Fig. 4. Asymptotic behavior as the mesh is refined: on the left R(At) and on the right where
At = O(Ax), the rate for the optimized Schwarz waveform relaxation algorithm with opti-

10°

10

mized first order (scaled) transmission conditions

On Fig.3, the solution, with first order (scaled) conditions, at iteration 4 is shown

10° 10°
ax

for an initial condition equal to 1 in £2, and O elsewhere.

Figure 4 shows on the left R(At) = 1 — maxy/7<p<z/a: P(®,p3,L)) versus At,
i.e. the convergence factor behaves like 1 — O(Ar)!'/1°, with first order (scaled) opti-
mized transmission conditions. On the right, we run the OSWR algorithm until the
error becomes smaller than 107!, and count the number of iterations. We start with
At =T /100 in each subdomain, and repeat this experiment dividing Ax and Az by 2
several times. We observe that the asymptotic result on the left predicts very well the

numerical behavior of the algorithm given on the right.
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